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Abstract 



Let K be a field of characteristic p > 0. It is proved that each automorphism 
a £ Autx(D(.P n )) of the ring T>(P n ) of differential operators on a polynomial algebra 
P n = K[x\, . . . ,x n ] is uniquely determined by the elements a(x\), . . . ,a(x n ); and 
that the set Frob(X>(P n )) of all the extensions of the Frobenius (homomorphism) 
from certain maximal commutative polynomial subalgebras of D(P n ), like P n , to the 
ring V(P n ) is equal to Aut#r(D(P n )) • T where F is the set of all the extensions of the 
Frobenius from P n to T>(P n ) that leave invariant the subalgebra of scalar differential 
operators. The set T is found explicitly, it is large (a typical extension depends on 
Q\ \ countably many independent parameters). 

o 

1 ■ 

Key Words: extensions the Frobenius, ring of differential operators, Frobenius 
polynomial subalgebra, group of automorphisms. 

Mathematics subject classification 2000: 13A35, 13N10, 16S32, WW 20, 16W22. 

o" 

Contents 

•i— I , 

/\ ' 1. Introduction. 

2. Existence and uniqueness of iterative <5-descent. 

3. Rigidity of the group Aut^(P(P n )). 

4. Extensions of the Frobenius to the ring T>(P n ). 

5. The sets Frob s (P(P n ),P n , A n ), s > 1. 

6. Appendix: Some technical results. 

1 Introduction 

Throughout, ring means an associative ring with 1, N := {0, 1, . . .} is the set of natural 
numbers, p is a prime number, ¥ p := Z/Zp is the field that contains p elements, K is an 
arbitrary field of characteristic p > (if it is not stated otherwise), P n := K[x\, . . . ,x n ] 
is a polynomial algebra, T>(P n ) = ©aeN^-fn^ is t ne rm g of differential operators on P n 



where d^ := YYi=i "S"' an< ^ ^« = ffiaeN™-^^"' is the algebra of scalar differential operators 
on P n . 

Rigidity of the group of automorphisms Aut^(T'(P„)). In characteristic zero, 
there is a strong connection between the groups Aut#(P n ) and Aut#(2}(P n )) as, for ex- 
ample, the (essential) equivalence of the Jacobian Conjecture for P n and the Dixmier 
Problem/Conjecture for V(P„) shows (see pQ, [8], [6], see also [5]). Moreover, in the class 
of all the associative algebras conjecture like the two mentioned conjectures makes sense 
only for the algebras P m <8> T>(P n ) as was proved in [3] (the two conjectures can be refor- 
mulated in terms of locally nilpotent derivations that satisfy certain conditions, and the 
algebras P m <g> T>(P n ) are the only associative algebras that have such derivations). This 
general conjecture is true iff either the JC or the DC is true, see [3]. 

In prime characteristic, relations between the two groups, Aut^(P n ) and AutRr(Z>(P n )), 
are even tighter as the following result shows. 

Theorem 1.1 (Rigidity of the group Aut.R-(Z>(P n ))) Let K be a field of characteristic 
p > 0, and a,r e Aut^(X>(P n )). Then o = r iff cr(x\) = t(xi), . . . , o~(x n ) = r(x n ). 

Remark. Theorem 11.11 does not hold in characteristic zero (eg, the automorphisms a : 
x \- y x+d , d h^- d, and r = id^m) of the first Weyl algebra £>(Pi) = K(x, d\dx — xd= 1} 
are distinct but a(x) = t(x)). In general, in prime characteristic Theorem 11.11 does not 
hold for localizations of the polynomial algebra P n , eg, K[xf l , . . . , x^ 1 ), [1]. Note that the 
K- algebra T>(P n ) is not finitely generated and neither left nor right Noetherian. 

Extensions of the Frobenius to the ring of differential operators V(P n ). In the 
paper, we are interested in the question of extending the Frobenius homomorphism (the 
Frobenius, for short), 

F : P n -> P n , a H> aP, 

to the ring of differential operators T>(P n ). There is the canonical one, 

F x :V(P n )^V(P n ), dW^dW, «6f, 

which is called the canonical Frobenius on T>(P n ) that corresponds to the set of generators 
(x) = (xi, . . . , x n ) for the polynomial algebra P n . As a curious fact, note that, by a trivial 
reason, the Frobenius F cannot be extended from the polynomial algebra P n to the Weyl 
algebra A n . To the contrary, as it is proved in the paper, the set Frob(P(P n ), P n ) of all 
extensions of the Frobenius F on P n to the algebra T>(P n ) is massive (a typical extension 
depends on countably many parameters). 

A ring homomorphism F' : T>(P n ) — > T>(P n ) is called a Frobenius if it is an extension of 
the Frobenius from a certain polynomial subalgebra P n = K[x[, . . . , x' n ] of the ring T>(P n ) 
(which is called a Frobenius polynomial subalgebra) that satisfies natural Autx(P(P n ))- 
invariant conditions like the canonical Frobenius F x does (see Section H] for the details). 
Let Frob(T>(P n )) be the set of all the Frobenius homomorphisms on T>(P n ) and FPol(Z>(P n )) 



be the set of all the Frobenius polynomial subalgebras of T>(P n ). It is shown that each 
Frobenius polynomial subalgebra is a maximal commutative subalgebra of T>(P n ) (Corol- 
lary 14.11 (1)). and so one Frobenius polynomial subalgebra cannot contain properly another 
Frobenius polynomial subalgebra. 

Definition. Let Frob(X?(P n ), P n , A n ) be the set of all the extensions F' of the Frobenius 
F on the polynomial algebra P n to T>(P n ) such that F'(A n ) C A n . 

The next theorem describes the sets Frob(X>(P n )), Frob (T>(P n ),P n ) and FPol(£>(P n )) 
up to the action of the groups Aut^ (D(P n )) and Aut^(P n ). 

Theorem 1.2 1. Frob(X>(P n )) = Aut K (V(P n ))Froh(V(P n ),P n , A n ), i.e. for each Frobe- 
nius F' on V(P n ) there exists an automorphism a G Aut^(r , (P n )) and a Frobenius 
F" G Frob(£>(P n ), P n , A n ) such that F' = aF'a' 1 . 

2. Frob(£>(P„),P„) = Aut K (P n )Frob(V(P n ),P n ,A n ), i.e. for each Frobenius F' G 
Frob(D(P n ), P n ) there exists an automorphism o G Aut^(Pn) one? a Frobenius F" G 
Frob(£>(P„),P„, A n ) such that F' = aF"<j~ x . 

3. FPol(D(P n )) = Aut K (V{P n )) ■ P n ~ Aut K (V(P n ))/Aut K (P n ) := {aAnt K (P n )\a e 
Autif(X'(P„))} ; i.e. for each Frobenius polynomial subalgebra P^ ofT>(P n ) there exists 
an automorphism a G Autx(X?(P n )) swe/i £/ia£ cr(P„) = P^ and the automorphism a 
is unique up to Aut j<-(P n ). 



The set Frob(£>(P„), P n , A n ) is found explicitly (Theorems 15. II and !5.2p . Each Frobenius 
F' G Frob(22(P„)) is not an F p -algebra isomorphism (though it is a monomorphism since 
the ring T>(P n ) is simple). Moreover, the ring T>(P n ) is a left and right free finitely generated 
KF'(T> (P n ))-module of rank p 2n (Corollary 15. 3p . Theorem 11.21 shows that the problem of 
finding the groups Aut^(P n ) and Autx(^(Pn)) is closely related to the problem of finding 
all the extensions of the Frobenius from certain polynomial subalgebras to the ring X>(P n ). 

Iterative ^-descents. The question of finding all the extensions of the Frobenius 
(as well as many other difficult questions like the Jacobian Conjecture or the Dixmier 
Conjecture) can be reformulated as a question about iterative ^-descents. 

Definition. Let A be a ring and S = (Si, ... , S n ) be an rz-tuple of commuting derivations 
of the ring A. A mult i- sequence {y^ a \ a G N n } in A is called an iterative <5-descent if 
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This concept first appeared in [2] where using it the simple derivations of differentially 
simple Noetherian commutative rings were classified. One of the key results of the paper [2] 
is the existence and uniqueness of an iterative <5-descent (Theorem 3.8, [2]). In the paper, 
this result is extended to the case of several commuting derivations and infinite iterative 
descents (Theorem 12. 10[) . This result is used in the proofs of almost all main results of the 
paper. 

In Section El a theory of iterative (^-descents is developed. These results are used freely 
in the paper. 

2 Existence and uniqueness of iterative c^-descent 

The main result of this section is Theorem 12. 101 on existence and uniqueness of an iterative 
5-descent. Necessary and sufficient conditions are given (Corollary l2.8p for a multi-sequence 
to be an iterative ^-descent. 

Iterative ^-descents. Consider the free abelian group of rank n, Z n = ©™ =1 Zej, where 
the set of elements e\ = (1, 0, . . . , 0), . . . , e n = (0, . . . , 0, 1) is the standard free basis for Z n . 
For each element a = (a%, . . . , a n ) 6 Z n , we have a = Y^h=i a % e %- F° r elements a, (3 e Z n , 
we write a > if ai > 0i, . . . , a n > (3 n ; we write a > (3 if a > (3 and a ^ (3. For a pair 
of integers i and j such that i < j (resp. i < j), let [i, j]<u s := Z fl [i,j] = {i,i + 1, . . . ,j} 
(resp. [i,j) dis := Zn [i,j) ={i,i + 1, ... ,j -1}). 

Definition. Let A be a ring and let 5 = (Sx,...,S n ) be an n-tuple of commuting 
derivations of the ring A. For each element a e N n , let 5 a := 5" 1 ■ ■ • <5" n . A multi-sequence 
of elements of the ring A, y := {y [a \a e I := YYi=i[ ik)dis}, V [0] '■= 1> where k E NU{oo}, 
is called a S- descent if 

5 a {y [l3] ) = y [l3 - a] for all «ef, (3 el, 

where y^ ] := for all 7 G Z n \N n . 

Definition. Suppose that A is an F p -algebra. A mult i- sequence {y^ a \a E I := 
Y[i = i[0,p di )} where di e N U {c>o} is called an iterative multi-sequence if 
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where (°t ) := Yi7=i ("^ ) are ^ ne rnulti-binomial coefficients. In prime characteristic, 
we view the multi-binomial coefficients as elements of the field F p . 

Definition, [2]. Let A be an F p -algebra. An iterative multi-sequence {y^ a \a & I — 
[Yi=i[®iP di )}i di £ NU {00} in A which is a 5-descent is called an iterative (5-descent of 
rank n and exponent {d\, . . . , d n ). 



Example. Let K be a field of characteristic p > 0, V(P n ) = @ a ^ e ^nKx ol d^ be the ring 
of differential operators on the polynomial algebra P n = K[x\, . . . , x n ]. Consider the inner 
derivations Si := — ad(xi), . . . ,S n :— — ad(x n ) of the ring V(P n ) (a.d(x)(y) := xy — yx) and 

let 5 := (Si, . . . , S n ). Then the mult i- sequence {d^ := -^j ■ • • ^j, a G N n } is an iterative 
<5-descent (of rank n and exponent (oo, . . . , oo)). 

Note that any truncation {y^ a \ a G I' = niLifO'P^)}' ^ — ^*> °f the iterative 5-descent 
{|/' a ', a G 7} is an iterative 5-descent of rank n and of exponent (d'±, . . . , d' n ). 

The nil ring of commuting derivations. A ring S is a positively filtered ring if 5* is 
a union of its abelian subgroups, S = Ui>oSi, such that So C Si C ■ ■ ■ and SiSj C S^+j for 
all z, j > 0. Let A be a ring and let 5 be a derivation of the ring A. Recall that, for any 
elements a,b G A and a natural number n, we have the equality 

8 n (ab) = J2 ( U J <? (0)^(6). 

i=o ^ 2 ' 

It follows directly from this equality that the union of the abelian groups N := N(S, A) = 
Ui>o Ni, Ni : = ker S i+1 , is a positively filtered ring (NiNj C iVj + j for all z,j > 0), so-called, 
the m/ nn§ of 5. Clearly, No = A 6 := ker S is the subring (of constants for 5) of A, and 
iV = {a G A | <5 n (a) = for some natural n = n(a)}. For all natural numbers i and j, 
S l (Nj) C A^_i where A^ := for all Z\N. In general, little is known about rings N(S,A), 
these rings have complicated structure and they are not easy objects to deal with. Even 
for the first Weyl algebra there are old open problems about these rings, see the paper 
of J. Dixmier, [7J. A derivation 5 of a ring A is called a locally nilpotent derivation if 
A = N(S, A) or, equivalently, for each element a of A, 5 l (a) = for all i ^> 0. In this case, 
the ring A = Ui> N(S, A)i is a positively filtered ring. 

Let S — (Si, ... , S n ) be an n-tuple of commuting derivations of a ring A. The intersection 
N(S, A) := n r l =1 N(S i ,A) is called the nil ring of S. It is an N n -filtered ring, N(S,A) = 
U a eN™N(5, A, a) where 

N a := N(S, A, a) := f]? =1 N(S i} A, on) (N a Np C N a+I3 for all a, fie N n ). 

Note that No := A 5 := n^ =1 A 5i is the subring of A, so-called, the ring of ^-constants for S. 
For a, fie N n , 5 a (Np) C A^ where A" 7 := for all 7 G Z"\N n . 

Let S = (Si, ... , S n ) be an n-tuple of commuting, locally nilpotent derivations of a ring 
A. Then A = N(S, A), and the ring A = U aeN nN(S, A, a) is an N n -filtered ring. 

Example. Let if be a field of characteristic p > 0, and P n = K[xi,...,x n ] be a 
polynomial algebra over K. Then 5 := (— ad(xi), . . . , — ad(x n )) is the n-tuple of com- 
muting, locally nilpotent derivations of the ring D(P n ) = ® a eN n Pnd^- a \ and so the ring 
V(P n ) = U am nN a is N n -filtered where N a := ® <p< a P n d [a \ 



The following lemma establishes a relation between the filtration {N a } ae ^-n of the nil 
ring N(5, A) of 5 = (5\, . . . , 5 n ) and ^-descents. 

Lemma 2.1 Let 5 = (5\, . . . , 5 n ) be an n-tuple of commuting derivations of a ring A, and 
{x^ a \a E I := YYt=i[^^i\dis} be a 5-descent where di E N U {oo}. Then, for each a E I, 
N a = ® <f,< a A s xW = ® o < < a x^A 5 . 

Proof. Let us prove the first equality. For each element a E I, let N' a := Q) <p< a A s x^. 
The inclusion N' a C N a is obvious. To prove the reverse inclusion we use induction on 
|a| := a.\ + ■ ■ ■ + a n . If \a\ = 0, i.e. a = 0, then there is nothing to prove since N = A 6 . 
Suppose that s := \a\ > and the result is true for all a' with \a'\ < s. Then, up to order, 
a n > 0. Let u E N a . We have to show that u E N' a . If S n (u) = then u E N a _ en , and, by 
induction, u E N a - en C N' a _ en C N' a since \a — e n | = |a| — 1 < |a|. 

US n (u) ^ then S n (u) E N a _ £n = N' a _ en (by induction), and so S n (u) = J2o<p< a -e n 'W^ 
for some elements A^ E A s , and not all of them are equal to zero. Note that the el- 
ement v := Ylio<i3< a -e n ^P x ^ +er ^ belongs to the set N' a , and 5 n (u — v) = 0. Then 
u — v E A Sn n N a = N a i where a 1 := (oti, . . . , a n _i, 0). Since \a'\ < \a\, N a > C N' a , 
and v E N' a , we see that u = (u — v) + v E N' a , as required. 

The second equality can be proved by similar arguments. □ 

The following lemma gives all the 5-descents provided a single (5-descent is known. 

Lemma 2.2 Let 5 — (S\, . . . , 5 n ) be an n-tuple of commuting derivations of a ring A, and 
{x [a] ,a E I := nr=i[M*Uj be a 5-descent where rf«GffU {oo}. Let {x' [a \a E 1} C A. 
Then the following statements are equivalent. 

1. {x'^ a \a E 1} is a 5-descent. 

2. x't°' := 1 and, for each element ^ a E I , x'^ = x^ + ^2 ^a <a \/3X^ a ~^ where 
X 7 EA 5 ,0^jEl. 

3. x't°' := 1 and, for each element ^ a E I, x'^ = x^ + X]o^/3<a x ^ _/3 W where 
H 7 E A s , ^ 7 6 I. 

Proof. (1 <= 2) This implication is obvious. 

(1 => 2) Suppose that {x' [a \a E 1} is a 5-descent. Then x' [0] := 1. Let ^ a E I. By 
Lemma [2. II and the fact that 5 a (x^) = 1, we have x'^ = x^ + '^2 ^a <a Xpx^^ for some 
elements A^ E A 6 that depend on a. For each 7 E I such that 7 < a, 



x f[a- 7 ] =(5 7( x 'H) = a >-7] + J2 \px [c 



[a-p-y] 
0^/3<«-7 



and the implication (1 => 2) is obvious since the equality above is true for all elements 
7,a£/ such that 7 < a. 

(1 <^> 3) Repeat the arguments above making obvious modifications. □ 



Lemma 2.3 Let 5 = (6i,...,6 n ) be an n-tuple of commuting derivations of a ring A 
such that S a (y^) = 1 for some elements yW E N(S,A,a), a E I := niLJOj di]di S where 
di E NU{oo}. Then 

1. there exists a unique 5-descent {x^ a \a E 1} such that, for each nonzero element 
a E I , x^ = y^ + X^o<fl<a c a0^ f or some elements c a p E A 5 such that c Qi0 — 0. 

2. there exists a unique 5-descent {z\- a \ot E 1} such that, for each nonzero element 
a E I, z^ = yW + '^2 0< s <a y^b a /s for some elements b a p E A s such that b a $ = 0. 

Proof. 1. One can easily prove that N a := N(S,A,a) = ®o<p< a A 5 y^\ a E I (by 
modifying slightly the arguments of the proof of Lemma I2TT1) . Let us prove that there exists 
at least one 5-descent, say {x'^ a \a E I}. If the set I is finite then it contains the largest 
element with respect to >, say (3 E I. Then the mult i- sequence {x'^ := 5^~ a (y^), (3 E 1} 
is a 5-descent. If the set / is infinite then we fix a strictly ascending infinite sequence of 
elements of I , (3i < (3 2 < ■ ■ ■ such that I = Uj>i/j where Ij := {a E I \ a < /3j}. For each 
a, (3 E I such that a < (3, we have 

nv m ) - y [ "- a] e £ A s yW. 

Using this fact we can find elements x'^*\ i > 1, such that x'^ 1 ' := y^ and 5 /3i_ ^ _1 (x'^1) = 
x'lPi-i] f or a u { > 2. Let Jo := 0- For each a E I, there exists a unique index, say i, such 
that a E ii\ii_i. Let x' [a] := 5 ft ~ a (x'[ ft ]). Then it is obvious that {x' [a \a E 1} is the 
5-descent. 

Let, for a moment, a mult i- sequence {x'^ a \a E 1} be an arbitrary 5-descent in A. By 
Lemma [2TTI for each a E I, x'^ E N a , i.e. x'^' = y^ + ^ 0< a <a c' a py^\ for some elements 
c' a/3 E A 5 . Let {x^ a \a E 1} be another 5-descent, and so x^ = y^ + J2o<B< a c apy^\ 
a E /, for some elements c Qj g E A 5 . By Lemma 12. 21 



x [Qj = x 



,[a] + J2 V [a ~ 7] for al1 « e /, 

0^7<a 



for some elements X^y E A 5 . We have to prove that the defining conditions 

c a fl = for all / a G /, 

of the 5-descent from Lemma 12.31 (1) uniquely determine the elements A 7 . For each i = 
1, . . . , n, the equality c ei)0 = yields the equalities 

hence X £i = —c' e . . Let s be a natural number such that s > 2. Suppose that, using the 
equalities c a $ = 0, ^ a E I, \a\ < s, we have already found unique elements A 7 with 



I7I < s. Take any element a G I with \a\ = s. Then the element X a can be found uniquely 
from the equality 

x [a) = x f[a] + J2 \ lX ' [a "< ] + A Q . 

For, we have to equate to zero the coefficient c Qj o of the elements y' ' := 1 after we substitute 
the sum for each x''" -7 ' above (via yW) into the above equality: 

that is X a := — c' a0 — Xlo^7<a ^7 c a-7,o- Therefore, for this unique choice of the elements 
{\ a }, we have c a $ — 0, ^ a G I, for the 5-descent {x^ a \a G I}. This proves the first 
statement of the lemma. 

2. Repeat the arguments of the first statement making obvious modifications. □ 

Structure of iterative sequence. Structure of iterative sequence of rank 1 is given 
by the following proposition. 

Proposition 2.4 (Structure of iterative sequence of rank 1, Proposition 3.5, JEj) Let A 
be an ¥ p -algebra and {x^,0 < i < p d } be an iterative sequence. Then 

1. for each i = l,...,p d — 1, written p-adically as i = ^ k ikP k ', x^ = II* x 



k i k \ 



This means that the iterative sequence is determined by the elements {a>°',a> p '\j = 
0,l,...,d-l}. 

2. For each j = 0,1, . . . ,d — 1, x^ p = (hence x^ p = for all i = 1, . . . ,p d — 1, by 
statement 1). 



3. x [°Wp j ] = x&\ j = 0, 1, . . . , n - 1, and i' ^' 1 



x 1 



Conversely, given commuting elements {x^, x^ \j — 0, 1, . . . , d— 1}, in A that satisfy the 
conditions of statements 2 and 3 above then the elements {x^,0 < i < p d } defined as in 
statement 1 form an iterative sequence. 

Remark. To make formulae more readable we often use the notation x^ ' J for (x^ ]) J ". 

Let A be an F p -algebra. For each i = 1, . . . ,n, let {xjf , j G [0,p di )di S } be an iterative 
sequence of rank 1 in A where di G NU {oo}. Suppose that these sequences commute 
(xf x k = x k x^ ) and have a common initial element, that is, x[ = x 2 = ■ ■ ■ = x n . It is 

easy to verify that their product {x^ := x^ ■ ■ ■ Xn ,ct G IIiLi[0>P di )<2is} * s an iterative 
multi-sequence of rank n and of exponent (d\, . . . , d n ). 

Definition. The iterative multi-sequence {x^ := x± • ■ ■ Xn , oc G f3" =1 [0, p di )^ s } of 
rank n and exponent (d%, . . . ,d n ) is called the product of n iterative sequences {x)?,j G 
[0,p di )dis} of rank 1 and exponent di. 

8 



Corollary 2.5 (Structure of iterative multi-sequence of rank n) Let A be an ¥ p -algebra 
and {x^ a \a G 1} be an iterative multi- sequence of rank n in A where I := 117=1 [0>P di )<&s? 
di G NU {oo}. Then the multi- sequence {x^ a ', a £ 1} is the product of n iterative sequences 
{x^ := x^ ei \j G [0,p di )dis} of rank 1, and vice versa. 

Proof. It is obvious that, for each i = l,...,n, the sequence {xf ,j G [0, p di )dis} is 
iterative of rank 1. It is obvious that x[ = x 2 = ■ ■ ■ = x n and that x*- a > := x" ■ ■ -x„ . 
Now, the result follows. □ 

Necessary and sufficient conditions for iterative multi-sequence to be a 5- 
descent. In case of sequence of rank 1 such conditions are given in the next proposition. 

Proposition 2.6 (Corollary 3.6, [2]) Let A be an ¥ p -algebra, 5 be a derivation of A, and 
{x^ l \ < i < p d } be an iterative sequence in A with x^ = 1 where d G N U {oo}. Then the 
iterative sequence {x^\ < i < p d } is a 5-descent iff 5(x^) = a;^" 1 ^ < j < d— 1. 

Corollary 2.7 Let 5 = (5i, . . . , 5 n ) be an n-tuple of commuting derivations of an ¥ p - 
algebra A, and {x^ a \a G /} be an iterative multi- sequence of rank n in A with x^ = 1 
where I := YYi=A^^P di )dis, di E N U {oo}. Then the iterative multi- sequence {x^ a \a G /} 
is a 5-descent if and only if, for each i — 1, . . . ,n, the iterative sequence {xf := x^ ei \j G 



[0,p dl )dis} is a 5i-descent and {xf\j G [0,p dl )dis} Q ^k^iA 5k if and only if 5i(xj ] ) = 
Sijxf 3 ~ for all i,j = 1, . . . , n and kj G [0, dj)di S where 8^ is the Kronecker delta. 

Proof. The first 'if and only if follows from Corollary 12.51 The second 'if and only if 
follows from Proposition 12.61 □ 

Combining Proposition 12.41 Corollary 12.51 and Corollary 12.71 we have necessary and 
sufficient conditions for a multi-sequence to be an iterative 5-descent. 

Corollary 2.8 Let 5 = (5i, . . . ,5 n ) be an n-tuple of commuting derivations of an ¥ p - 
algebra A; {xS ,v = 1, ...,n;k v = [O,^)^} be commuting elements of the algebra A 

where d v G N U {oo}; xl '■= 1 for all v. Let xv : = f| fc Xv i , for each i = '^2 k ikP k , 
< ik < P, such that < i < p dv . Let x^ := Y[v=i x " ■ Then the multi- sequence 
{x^ a \a E I : = niLiP'P^)**} i s an iterative 5-descent iff S^x/? ) = 5 v ^xf, ~ and 
xjf =0 for u 7 jj, — 1, . . . , n and k^ G [0, d^dis (where 8 Vtli is the Kronecker delta). 

Let A be a commutative F p -algebra and 5 be a derivation of A. Let ID(5, d) be the 
set of all iterative (^-descents {xW,0 < i < p d } of exponent d in A where d G N U {oo}. 
Let C(8, d) be the set of all <i-tuples (Ao, Ai, . . . , A^-i) such that Xj G A 6 and X 1 ^ = for 
< j < d - 1. Note that if A 6 is a reduced ring then C(8, d) = {(0, . . . , 0)}, i.e. C(8, d) 



contains a single element. In the case when n — 1, by Lemma [2.11 and Proposition 12. A\ for 
each iterative <5-descent, say {x^\ < i < p d }, 

p d_l 

N{8,A) pd _ x = Q)A s x^ ~A s [x [1] ,x [p \...,x [pd ~ 1] ]/(x [1]p ,x [p]p ,...,x [pd ~ 1]p ). (1) 

i=0 

So, iV(<5, A)^^ is the subring of A that contains A 5 , and the decomposition ([1]) holds for 
all iterative (5-descents in A of exponent d. In particular, all iterative ^-descents in A of 
exponent d belong to the ring N(8, A) p d_ 1 . Then 

N{6, A) pd _ x = A 5 © m, m:={x [1] ,x [p] ,...,x lpd ' 1] ). (2) 

If W l \0 < i < p d } is an iterative 5-descent in A then {y^,0 < i < p d } C AT (5, A) p d_!. 
Therefore, the following map is well-defined: 

r = r d : ID(S, d) -+ C(5, d), {j/W, < i < p d } ^ (A , A 1} . . . , A^), (3) 

where Xj = y^ mod m, j — 0, 1, . . . , d — 1. Note that the map r depends on the choice 
of the iterative 5-descent {x^, < z < p d } since the decomposition (J2J) does. 

If d = oo then iV(<5, A)^^ = N(S, A), and so the equalities ([1]) and (j2j) are as follows 



-[i]p T |p> t [p1p 

j • • • j •" ) 



JV((J,A) = 0A [i] ~A & [x [l \x^\... } x [p *\...]/(x [l]p ,x [ - 

j>0 

iV(M) = A 5 ©m, m:={x ll \x lp] ,...,x [pt \...). 

Let ID(5) := ID(<5, oo). Then the map ([3]) takes the form 

r = Too : ID(<J) -)■ C(5, oo), {/ ] , z G N} H- (A , A 1; . . . , Xj, . . .), (4) 

where Xj = y^ 3 ' mod m, j G N. 

The following theorem is a key (and difficult) result of the paper [2]. 

Theorem 2.9 (Existence and uniqueness of an iterative 5-descent when n — 1, Theorem 
3.8, [2]) Let A be a commutative algebra over a field K of characteristic p > and 5 
be a K-derivation of the algebra A such that there exists a finite sequence of elements 
2/o, Vii ■ ■ ■ , 2/rf-i of A such that y\ — and S p (yj.) = 1 for all < k < d — 1. T/ien 

1. (Existence) The following sequence {x^',0 < i < p d } is an iterative 5-descent where 
x^ := 1, a;M : = y 0j and, fori > 2 written p-adically asi = ^2 k=0 ikP k (t) < ife < p—l) 



the element x^ is defined as x^ := rifc=o i > w h ere 



X W ;= (_l)P-^( yi ), *,(*) := ^(-iy^^(^), 
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,,,,,,,,,,,,,,,,,, ..,< ■ ,,,. _;,,,,,,,,, ,, ,,,,,,,,.,_.,, ^ ,, _.,,,, ,,,,,,,,,... 'is defined 

by the rule 



t^tx^y- 1 r-k .(x [pk] ^ j 



* lpk+1] ■= (-ir^-'cn r^iTT ' ^fo^)' **(*) ■= Y,(- 1 ) j - ± -i Lspkj ( z )- 

1=0 ^ '' j=o ^' 

U. (Almost uniqueness) Let {x^,0 < i < p d } be an arbitrary iterative 5 -descent (not 
necessarily as in statement 1, and d here is not necessarily as in statement 1 either). 
Then the map (T3|) is a bijection. 

3. (Uniqueness). If, in addition, the ring A s is reduced then {x^,0 < i < p d } from 
statement 1 is the only iterative S-descent. 

Remark. Note that Theorem 12.91 holds also for d = oo since each infinite iterative 
5-descent {x^\ i E N} is a union of finite iterative (^-descents {x^\ i E [0,p d )dis}, d EN. 

Let A be an F p -algebra and S = (Si, . . . , S n ) be an n-tuple of commuting derivations 
of the algebra A. Let ID(S,d) be the set of all the iterative ^-descents x := {x^} of 
exponent d := (di, . . . , d n ) where di E NU {oo}. Let C(S, d) := C'(di) x • • • x C'(d n ) where 
C'(di) is the set of all dj-tuples (Ao, Ai, . . . , A^_i) such that Xj E A 6 and A^ = for all 
j E [0,di)dis- By Corollary 12. 5[ each x is the product YYi=i x * °f the iterative ^-descents 
Xi := {x\> ] := x [je > ] ,j E [0,p d >) dis }. For each i = 1, . . . ,n, let r di : ID(^, di) -)► C(8,di) be 
the map ([3]) for the derivation Si. Consider the map 

r d :ID(S,d) -> C(S,d), x ^ (r dl (xi), . . . ,r dn (x n )). (5) 

Theorem 2.10 (Existence and uniqueness of an iterative 5-descent) Let A be a commuta- 
tive F p -algebra and 5 = (Si, . . . , S n ) be an n-tuple of commuting derivations of the algebra A. 
Suppose that there exists a set of elements of the algebra A, {yik, i — 1, . . . ,n;k E [0, di)di S }, 

k 

where di E N U {oo} ; such that y v ik = and Sf (yik) = 1 for all i = l,...,n and 
k E [0, di)dis, and Sj(yik) = for all i ^ j . Note that, for each i = 1, . . . , n, the elements 
{yik, k E [0, di)dis} satisfy the assumptions of Theorem \2.iA (l). letxi := {x)?,j E [0,p di )di S } 
be the corresponding Si-descent of rank 1 and exponent di as in Theorem \2.9l (l). Then 

1. (Existence) the product x := YYi=i x « = { x ^ '■= x i ' ' ' x n , ot E N n } of the iterative 
Si-descents Xj is an iterative S-descent. 

2. (Almost uniqueness) The map |3J) is a bijection. 

3. (Uniqueness) . If, in addition, the ring A s is reduced then the iterative S-descent x 
from statement 1 is the only iterative 8 -descent in A. 

Proof. 1. Statement 1 follows from Corollary 12.61 

2. Statement 2 follows from statement 1 and Theorem 12.91 (2). 

3. Statement 3 follows from statement 2 since the set C(S, d) contains a single element 
(since the ring A s is reduced). □ 
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3 Rigidity of the group Aut^(r ) (P n )) 

In this section, the rigidity of the group Autx(£>(P n )) is proved (Theorem 13.11) . 

The ring T>(P n ) of differential operators. The ring T>(P n ) of differential operators 
on a polynomial algebra P n := K[x\, . . . ,x n ] is a i^-algebra generated by the elements 

Xi, . . . ,x n and commuting higher derivations d\ := -tV, i — 1, . . . , n; k > 1, that satisfy 
the following defining relations: 

[*,,*,] = o, [sf,sJ"] = o, fl'-^'jf', [sfUl = Mf- 1 , (6) 

for all i, j = 1, . . . ,n; k, I > 1, where 5^ is the Kronecker delta, d\ := 1, d\ := 0, and 
d\ = di = ^- G Der^-(P n ), z = 1, . . . , ra. The action of the higher derivation d\ on the 
polynomial algebra P n = K ®i Z[xi, . . . ,x n ] should be understood as the action of the 

Qk 

element 1 £g>z -jfj-' 

The algebra T>(P n ) is a simple algebra. Note that the algebra T>(P n ) is not finitely 
generated and neither left nor right Noetherian, it does not satisfy finitely many defining 
relations. 

V{P n )= Kx a d m = K«9 [/ V, where x a := x? •••<", d^ := df l] ■ ■ • fijfH 

a,/3eN™ a,/3eN n 

For each i = 1, . . . ,n, let V(P 1 )(i) := V{K[xi\). Then 

V{P n ) = ®UV{Px)(i) ^ V(P 1 f n . 
For each i = 1, . . . , n and j G N written p-adically as j = J2 k jkP k , < jk < P, 

# = 11* =n^V> ^ = ^n-, (7) 

fc fc 3k - Jk - 

where <9j pfc]ift := (df ] Y k . For a,/3 G N n , 

*v> =(£>*-■ 0-nffl. < 8 > 

where, in the formula above, x\ := for all negative integers t and all i. 
For a,0e N n , 

0M0lffl = (° + £Wfl (9) 

The algebra T>(P n ) has two natural filtrations: the canonical filtration F = {Fi}i>o 
where Fi := (B\ a \+\/3\<iK x a d^ and \a\ := |ai|+- • -+|a n |, and the order filtration {£>(-Pn)i}i>o 
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where V(P n )i := ®\p\<iP n d^ . The first one is a finite dimensional filtration but the sec- 
ond one is not. For both nitrations the associated graded algebras are isomorphic to the 
tensor product P n ® A n of the polynomial algebra P n and the algebra A n = (Baen^Kd^- 01 ] of 
scalar differential operators. In particular, these algebras are commutative but not finitely 
generated, not Noetherian, and not domains. 



Defining relations for T>(P n ), As an abstract i^-algebra, the ring T>(P n ) of differential 

rators on P n is 
defining relations: 



1 = 1,. 


. . , n, k G N, that satisfy the 


fu-] 





\ r) k 

operators on P n is generated by the elements x^ d\ 



[ Xl ,x J ] = o, [df\df] = o, (df ] r = 

for all 1 < i,j < n and fc,l£N. 

In characteristic p > 0, the next theorem proves existence and uniqueness of it- 
erative (— ad(xi), . . . , — ad(x n ))-descent in T>(P n ). In characteristic zero, this result is 
not true, there are many iterative (— ad(xi), . . . , — ad(x n ))-descents in V(P n ): {y^ : = 
Iir=i '"1°! ' ' a e ^™) * s ^ ne iterative (— ad(xi), . . . , — ad(x n ))-descent in T>(P n ) where 
a* G i^[^i], z = 1, ...,n. 

Since the ring of invariants fl" =1 A^ ^ = i^ is reduced, the mult i- sequence {d^ a \a G 
N n } is the only iterative (— ad(xi), . . . , — ad(x n ))-descent in the algebra A n , by Theorem 
12.101 The next theorem proves the same but for the ring T>(P n ). The ring T>(P n ) is 
non-commutative, so we cannot apply Theorem 12.101 directly. 

Theorem 3.1 Let K be a field of characteristic p > 0. Then {d^ a \a G N n } is the only 
iterative (— ad(xi), . . . , — &d(x n ))- descent in V(P n ). 

Proof. Let 5i := — ad(xi), . . . , 8 n := — ad(a; n ) and 5 := (5%, . . . , S n ). Let {y^ a \a G 
N n } be an iterative <5-descent in T)(P n ). We have to show that y^ = d^ for all a or, 

equivalently, that yf = of for all % = 1, . . . ,n and fcgN. To prove this fact we use 
induction on k. 

Let k = and yt := yf . Let us prove that yi = <9; for all i. Note that 

Vi G n^ 4 ker(^) n ker(^ 2 ) = P n © P n d { . 

Since Si(yi) = 1, we see that yi = di + Aj for some polynomial A» G P n . If Aj = 0, we are 
done. Suppose that Aj ^ 0, we seek a contradiction. Then, using the defining relations 
(jTO]) for 2?(P„), we obtain that 

P -i 

= y\ = (ft + A,) p = flf + ^a^F ] + a + A? 

i=i 

for some polynomials a^ G P n such that deg^.. (a ) < deg x . (Af) where deg x .(g) is the x«- 
degree of a polynomial q G P n . Since <9f = 0, the above equality yields Oi = • • • = a p _i = 
and a + Af = 0. The last equality is impossible since deg^. (ao) < deg x .(Af). 
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finish the proof by induction it remains to show that yf J = df J for all i. Note that 



Suppose that k > 1 and that yf = df for all s — 0, . . . , k — 1 and z = 1, . . . , n. To 

b fc ] _ n[P fc ] 



yf ] G n^ker(^)nker(5f J ) = ^n©^[^,9f J ,...,9f J ] (Lemma EU (6)), 
yf ] G n^ =1 kerad(c>j p ^ 1] )) = ir[xf,...,xP fc ]®A n (Lemma ED (2)), 



n?=l r „k 



and so </f ' e AT[xf ,. . . ,<"] » A-Pi.af 1 ,. . . ,Sf '}. Since <f 'fef ') = 1, 



i=o 

for some polynomials /ij G i^fa^ , . . . , x v n ]. On the one hand, [y] p , xi\ = yf = df 
On the other hand, 

r„fci r~fci 

Hence, /ii = • • ■ = /x p fc_i = 0, i.e. yf = df + /x - If A*o = 0, we are done. Suppose that 
fio 7^ 0, we seek a contradiction. Then 

o = {yf ] r = {of ] + /i ) p = (of ] r + £ rf + & o + mS 

for some polynomials 6 S G K[x\ , . . . x v n ] such that deg p k (b ) < deg p k (/!q). Since (df ) p = 

i i 

0, the above equality yields b\ = ■ ■ ■ = b p k_ 1 = and b + /Xq = 0. The last equality is 
impossible since deg p fc (bo) < deg p fe (/ip). This proves that yf = df for all i and k G N n 
The proof of the theorem is complete. □ 

Each automorphism a G Aut#(P n ) can be naturally extended (by change of variables) 
to a i^-automorphism, say a, of the ring T>(P n ) of differential operators on the polynomial 
algebra P n by the rule: 

a(a) := aaa' 1 , a G V(P n ). (11) 

Then the group Aut^ (P n ) can be seen as a subgroup of Aut^(r , (P n )) via ( TTTT) . In char- 
acteristic zero, there are many other extensions of the automorphism a. For example, the 
automorphisms of T>(K[x\): 

<7f : x i->- x, d !->■ d + /, / G if [a;], 

are extensions of the identity automorphism of K[x\. This is not the case in prime char- 
acteristic as Theorem 11.11 shows. 
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The set {xi,df | 1 < i < n, k G N} is a set of A'-algebra generators for T>(P n ). 
Each automorphism a of T>(P n ) is uniquely determined by its action on this infinite set. 
Theorem 11.11 (which is not true in characteristic zero) says that a is uniquely determined 
by the elements a(xi), . . . , cr(x n ). 

Proof of Theorem 11.11 (=^) This implication is trivial. 

(<^=) By considering the automorphism ar^ 1 of the algebra V(P n ), it suffices to show 
that if an automorphism, say a, of the algebra T>(P n ) satisfies the conditions that cr(xi) = 
Xi, . . . ,u(x n ) = x n , then a is the identity map. Using the defining relations (J6]), we see 
that {a(d^),a G N n } is the iterative (— ad(xi), . . . , — ad(x n ))-descent. By Theorem 13.11 
<j(<9[ Q l) = QH for all elements a G N n , i.e. the automorphism a is the identity map, as 
required. □ 

Corollary 3.2 Aut^(P n ) = {r G Aut K (V(P n )) \ r(P n ) = P n } and, for each automor- 
phism a G Autx(P n ), the equation 177]) gives the only extension of the automorphisms o 
to an automorphism of the K -algebra T>(P n ). 

4 Extensions of the Frobenius to the ring T>(P n ) 

In this section, Theorem 11.21 is proved and the concept of a Frobenius on T>(P n ) is intro- 
duced. 

The canonical extension of the Frobenius F to T>(P n ). Let A be an algebra over 
a field K of characteristic p > 0. For each x G A, 

(adx) p = ad(x p ) (12) 

since, for any a G A, ad(x p )(a) = [x p , a] = Y7i=i (^)(adx)*(a)x p_ * = (&dx) p (a). 

Using the defining relations (fTOj) for the algebra V(P n ) and the equality (TT2|) . we see 
that the Frobenius F p -algebra monomorphism 

F : P n ^ P n , a^ a p , 

can be lifted to the F p -algebra monomorphism of the ring T>(P n ) by the rule 

F = F x :V(P n )^V(P n ), d [a] ^d [pa] , aeN n . (13) 

In more detail, it suffices to check that 

k oIp'Kp-i) 

[* fc+1 Ur] = n^3T)!' 1 ^ i ^ n > k ^°- 
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By (H2D and ©, 



* 9 [P Z ](P-1) 



flP-i k aMH) fc «b ! ](p-i) 

Definition. The F p -algebra monomorphism F = F x in (fl"3"j) is called the canonical 
Probenius with respect to the choice x = (xi, . . . , x n ) of free generators for the polynomial 
algebra P n . 

Note that the Frobenius F in ffl3|) is not the 'obvious' extension of the Frobenius (which 
makes no sense as it can be easily seen). 

Definition. A ring homomorphism F' : T>(P n ) — > T>(P n ) is called a Frobenius (homo- 
morphism) if the following conditions hold: 

1. there exists an F'-invariant polynomial subalgebra P' n = K[x[, . . . ,x' n ] of the ring 
T>(P n ) such that the restriction F'\p> is the Frobenius on P' n : a \-¥ a p ; 

2. the inner derivations ad(x' 1 ),..., &d(x' n ) of the ring £>(P n ) are locally nilpotent 
derivations with n" =1 X?(P n ) ad ^ = P' n} 

3. there exist a commutative F'-invariant F-subalgebra A' of the ring D(P n ) such that 
[x^, A'] C A' for all i and elements yi, . . . , y n e A' such that yf = ■ ■ • = y^ = 0, [y^ x'A = 6ij 
(the Kronecker delta), and [F' k (yi), x'A = for all i ^ j and k > 1. 

Example 1. The canonical Frobenius F^ is a Frobenius where a^ = Xj, Q£ = 9j and 
A' = A n , the algebra of scalar differential operators. 

Example 2. For each F-algebra automorphism o G Autjj-(P(P n )), F' := crFrO" -1 is a 
Frobenius on T>(P n ) where x^ = ct(xj), 9j = a(di) and A' = cr(A n ). 

Let Frob(X>(P n )) be the set of all the Frobenius homomorphisms on T>(P n ). The poly- 
nomial algebra P' n above is called a Frobenius polynomial subalgebra of the ring T>(P n ). 
Let FPol(X>(P n )) be the set of all the Frobenius polynomial subalgebras of the ring X>(P n ). 
We will see later that each Frobenius subalgebra is a maximal commutative subalgebra of 
the algebra T>(P n ) (Corollary 14. 11 (1)). and so one Frobenius polynomial subalgebra cannot 
be a proper subalgebra of another. We will see later that the algebra A' is unique for 
each Frobenius F' on T>(P n ) and it is also a maximal commutative subalgebra of T>(P n ) 
(Corollary 14. 11 (1.3)). Let Frob(£>(P n ), P^) be the set of all the Frobenius homomorphisms 
F' with the Frobenius polynomial subalgebra P' n . Then 

Frob(£>(P n )) = |J Frob(D(P n ),i*). (14) 

p^eFPoi(o(p„)) 

16 



This is the disjoint union since each Frobenius polynomial subalgebra is a maximal com- 
mutative subalgebra. The group Autjr(2}(P n )) acts naturally on the sets Frob(V(P n )) and 
FPol(D(P n )): (a,F') ^ aF'a' 1 and (a, P* n ) ^ a(P^). Clearly, aFrob(X?(P n ), P^ 1 = 
Fiob(V(P n ),a(P^). 

Definition. Fiob(V(P n ),P n ,A n ) := {F' E Fiob(V(P n ), P n ) \ F'(A n ) C A n }. 

Proof of Theorem 11.21 Let F' E Frob(X?(P n )) and let x\, xji and A' be as in the 
Definition of Frobenius homomorphism on T>(P n ) above. Let yn~ := F' k (yi), k > 0, and 
Si := — &d(x'i). Then the conditions of Theorem 12.101 (3) hold for the algebra A := A', 
S = (Si, . . . , S n ) and the elements {?/ifc}: 

Vl = F' k (yi) p = F' k (yf) = 0; 

Sf(y lk ) = -ad(*:rV) = -^(xf)(y lk ) = [y ik ,xf] = [F' k (y t ), F' k (x' t )} 

= F' k ([y t ,x' l ]) = F' k (l) = l; 

Sj(y ik ) = [F"°(y i ),x' j \ = 0, i^j, k>0; 

the algebra A" 5 = A' n V(P n ) 5 = A'nP; is reduced. By Theorem &M (3), in A' there 
exists a unique iterative 5-descent, say {c^}. Since the derivations Si of the algebra V(P n ) 
are locally nilpotent and T>(P n ) 5 = P' n , by using Lemma 12. II we have 

V(P n ) = N(S,V(P n )) = V(P n ) 5 d'^ = p' n &w ~ V (P' n ) ~ V(P n ). 

Consider the i^-algebra automorphism a of V(P n ) given by the rule: x, h- > x\, d^ h- >■ en"'. 
Then a(P n ) = i*, and so FPol(£>(P„)) = Aut K (V(P n ))-P n . The algebra A n = ©^nf^ 
of scalar differential operators is a maximal commutative subalgebra of T>(P n ), hence 
® a &i n Kd'^ is the maximal commutative subalgebra of V(P n ) which is contained in the 
commutative subalgebra A'. Therefore, A' = ® a ^nK&^- a \ This means that cr(A n ) = A', 
and so o~ x F'o E Frob(X?(P„), P n , A n ) and the algebra A' in the Definition of a Frobenius 
F' of V(P n ) is unique, and it is a maximal commutative subalgebra of V(P n ). This proves 
statement 1 and Corollary 14. 11 (1.2)). 

The stabilizer of the polynomial algebra P n under the action of the group Aut^r (T>(P n )) 
on the set FPol(X>(P n )) is equal to the set {a E Aut K (V(P n )) \ a(P n ) = P n } = Aut K (P n ), 
Corollary E21 Now, Aut^(£>(P n )) • P n ~ Aut^(£>(P n ))/Aut^(P n ). This completes the 
proof of statement 3. 

To prove statement 2, let F' E Fiob(V(P n ),P n ). By statement 1, F' = oF"o- x for 
some F" E Fiob(V(P n ), P n , A n ) and a E Aut^(£>(P n )) such that a(P n ) = P n . Then 
a E Aut^(P n ), by Corollary 13.21 as required. □ 

Corollary 4.1 1. For each Frobenius F' E Frob(X>(P n )), the corresponding algebras P' n 
and A' are unique, they are maximal commutative subalgebras of the algebra T>(P n ). 
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2. LetF',F" G Froh(V(P n )) and F" = a F' 'a' 1 for some automorphism a G Aut K (T>(P n ))- 
Then P" = cr(P^) and A" = c(A') where P" and A" are the corresponding algebras 
for the Frobenius F" . 

3. One Frobenius polynomial algebra cannot be a proper subalgebra of another Frobenius 
polynomial algebra. 

4- The union ( [77] ) is a disjoint union. 

5 The sets Frob s (D(P n ), P n , A n ), s > 1 

Definition. For each natural number s > 1, let Frob s (T>(P n ) , P n )) be the set of all ring 
endomorphisms F' of T>(P n ) such that F'(P n ) C P n and F'\p n = F s , i.e. -F'(a) = a p " for 
all a G P„. 

Definition. For each natural number s > 1, let 

Frob s (P(P n ),P n , A n ) := {G G Frob s (P(P n ), P n )) | G(A n ) C A n }. 

This set contains precisely all the extensions G of P s on the polynomial algebra P n 
that respect the subalgebra A n of scalar differential operators of V(P n ). In this section, 
the sets FYob s (V(P n ),P n ,A n ) are found explicitly (Theorem 15.11 and Theorem 15. 21) . 

Let 5 := (5i, . . . , 5 n ) where 5i := — ad(xj) is the inner derivation of the ring V(P n ). For 
each natural number s > 1, Sf = — ad(xj) pS = — ad(x^ ) is the inner derivation of the ring 
V(P n ). For each natural number s > 1, 5 pS := (S p , . . . , Sff) is the n-tuple of commuting 
inner derivations of T>(P n ) such that Sf (A n ) C A n for all i. Let ID(<5 P ", A n ) be the set of 
all iterative £ p "-descents in the algebra A n of exponent (oo, . . . , oo). It follows from the 
defining relations ^ for the i^-algebra TJ(P n ) that the map 

Frob s (P(P n ),P n , A n ) -> ID(^ S , A n ), G H- {G(cH)} aeN ™, (15) 

is a bisection where the inverse map is given by the rule 

{y [a] } i-). G : d [a] v^y [a \ aeW. 

For each % = 1, . . . , n, let us introduce the i^-linear map 

/ :A n ^A n , 3 [q] ^9 [a+ei] , «6f, (16) 
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where e±, . . . , e n is the standard Z-basis of Z™ = ©™ =1 Zej. The map J. is a right inverse of 
the map Si, Si J. = idA n - We call the map J. the z'th dual integration on A n by analogy 
with the usual z'th integration J. on P n when char(i^) = 0, which is the K-linear map 

f:P n ^ P n , x [a] ^ x [a+e ' ] , x [a] := TT ^-r, ae N n . 
Ji l\ a*! 

The map J. is a right inverse to di : = J^ in P n as 9, J. = idp n . 

For each i ^ j, the maps J. and 5j commute. The commutator [Si, J. ] = I — j- Si is the 
projection onto the subalgebra A n ^ := (g)j^Ai(j) in the decomposition A n = ®j>oA n ^d\ . 

Definition. For each natural number s such that s > 1, let Ai nyS be the set of all n x N 
matrices u = (uij), i = 1, . . . , n, j G N, such that 

Uij G ® ^ aeC ?Kd [a] C ® a£C ?Kd [a] = A n n n* =1 ker(ad(xf )) (Lemma EU (6)) 

where C" := {a G N™ all ojj < p s }. The set C™ is the n- dimensional discrete cube of size 
p s . It contains p ns elements. An element a G A n satisfies the condition that a p = iff 
a G A n+ := ® ^ aeN nKd^. Since w^- G A n>+ , we have lif, = 0. 

The next theorem gives explicitly all the elements of the set ID(S pS , A n ). 

Theorem 5.1 Let K be a field of characteristic p > and s > 1. Then the map 

M n ,s -»> ID(5 pS , A n ), w = (n^) H> y u := {yI Q] }aeN", 

is a bisection where y [ u ■— Yi7=i Vul > Vu\ := llfe>o "-'i f/ or eac ^ J e ^ written p-adically 
as j — YlJkP k ), y U i '■= of + u i0 , and then recursively, for each k > 1, 

r *p s fc -i „> ! Kp-i) 

[p fe ] _ _ / "TT iJu,i 



i>*p" "• J- 

yi? ==«*+/ n 



J-J- (p-l)! 

T/ie map -{V a '} a eN n H- u = (u^), gwen 6?/ £/je ?Tx/e 



*p" 



bl / b fc -i] 

u ik :=z\ Pi - zf \ 

is t/ie inverse map of the map u ^- y u . 

Remark. Note that yjfj := w^ + J* p y p t , k > 1. 
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Proof. First, we prove that the map u i-> y u is well-defined, i.e. y u G ID(<5 pS , A n ). The 
ring A n is commutative. By Corollary I2.8[ y u G ID(5 pS , A n ) iff, for each each i,j = l,...,n 
and fc G N, 

where <5y is the Kronecker delta. By the very definition, the elements y p t belong to the 

set A nj+ , and so the first type of equalities hold, i.e. y^J p — 0. To verify that the second 
type of equalities hold we use induction on k. The case k = is trivially true. Suppose 
that k > 1 and that the equalities hold for all kl such that k' < k. Then 

p*p s r*p s 



,,J ' 



and, for i ^ j, 

/■*p s , r*p 3 , r*p s 

Sf(vi ] ) = Sf(u lt+ &-1) = 0+ 6fy£- 1] = [ = 0. 

Ji Ji Ji 

By induction, the equalities hold for all k G N. This shows that the map u i— )• y u is 
well-defined. 

By the very definition, the map u \— > y u is injective. To prove that it is surjective we have 
to show that each element y = {y^} G TD(5 P \ A n ) is equal to y u for some u = {ui k ) G Ai n ,s- 
Let us set u lk := y^ - j^ yf~ 1] . Clearly, < = 0, 5? (u tk ) = yf~ 1] - yf~ 1] = and, 
for each j ^ i, 

r* pS 
Sf(u ik ) = Q- Sfy*-*=0. 

J i 

Therefore, Ui k G Xlo^aeC 1 Kd^ a \ By the very definition, y = y u . This proves that the map 
u i— 7- y u is a bijection and {z^} i— >• u = (uik) is its inverse map. □ 

As a consequence of Theorem 15. 1[ we can find explicitly the sets Frob s (V(P n ), P n , A n ), 
s > 1. 

Theorem 5.2 Let K be a field of characteristic p > and s > 1. Then the map 

M n ,s -+ Frob s (V(P n ), P n , A n ), u^G u : d™ H- y [ «\ a G N n , 

is a bijection where the elements yu are defined in Theorem \5.1\ and the map 

p*p b 
G h> (u ik (G)), u lk {G) := G(df ] ) - G(df- 1] ), 

J i 

is its inverse map. 
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Proof. The theorem follows directly from Theorem 15. II and (TT5|) . □ 

Example. Let n = s = 1, u = (Xd, 0, 0, . . .), X e K, and F' := G u . Then F'(<9) = 

«9 [p] + Xd and 

V^^p-i-igbpl^lp-i-i] — / V" 1 \p-~l-j glp-t-j+jp] 

j=o J j=o 

p-i 

= y^^p-i-i^b-i-j+O'+i)?]. 

i=o 

The ring T>(P n ) is simple, so each Frobenius F' G Frob(X>(P n )) is automatically a 
monomorphism. 

Corollary 5.3 Each Frobenius F' G Frob(X>(P n )) is not an automorphism of the ring 
T>(P n ). Moreover, the ring T>(P n ) is left and right free finitely generated KF'(D(P n ))- 
module of rank p 2n . 

Proof. By Theorem 11.21 (1). we may assume that F' G Frob(X > (P n ), P n , A n ). Note that 
V(P n ) = P n <S> A n , F'(P n ) C P n and F'(A n ) C A n . The commutative algebra P n is a 
free iiTP'(P ri )-module of rank p n . By Theorem 15.11 the commutative algebra A n is a free 
KF'(A n ) -module of rank p n . Then it is easy to deduce (using Theorem 15.11) that 

V(P n ) = @ a ^ c ?KF'{V{P n ))x a dW = ® aMC n X a d^KF'{V{P n )), 
and the results follow. D 



6 Appendix: Some technical results 

In this section, some obvious technical results on the ring T>(P n ) are collected. Proofs are 
included for reader's convenience. Let A 1 (i) := (&j> Kd\ . 

Lemma 6.1 Let K be a field of characteristic p > 0; k, hi G N, and ker(-) := ker-p(p„)(-). 
Then 



1. kerad(c>! H ) = V(K[x x , • • • ,%, • • ■ ,x n }) <g> K[xf +1 ] ® A^z). 

2. n^kerad^ 1 ) = A n ® K[xf x+ \ . . . ,x£ n+l }- 

5. n fc > ker ad(9] pfc] ) = 2?(lf[xi, ...,£*,..., x n ]) <g> A x (z) . 
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I n? =1 n k > ker&d(df ] ) = A n . 

5. kerad(xf ) = V(K[x 1} ...,%,.. .,x n }) ® K[x z ] <g> If®,^ 1 , . . . ,df~\ 

6. n" =1 ker ad(xf ) = P n ® ®U K \ d i, d ? > • • • , ^" 1] ] . 

7. n? =1 ker adfo) = P n . 

5. For eac/i natural number k > 1, the centralizer C(F k (V(P n )),V(P n )) of the ring 
F k (V(P n )) in T>(P n ) is equal to the direct sum ® a Ko^ where a = («i, . . . , a n ) E N n , 
< «i < p k , . . . , < a n < p k . 

Proof. 1. The RHS of the equality in question is a subset of the LHS. The opposite 
inclusion follows at once from the following equality: for each natural number j written 
p-adically as j = J2 s >iJsP s with ji ^ and such that I < k, there is the equality 

[df ] ,4] = Uidf- pl] x^ 1)pl + ■■■ )xf°>-^ JspS (17) 

where the three dots mean an element of the set ^ 0<i< „fc_y d\ K[x,j\. In more detail, 

k 



s>l s=l t>k+l 

= ([df\4 p ) n 4 p "+4 pi [df ] ^ i+ipi+i ] n ^+- 

v=l+l v=l+2 

k 



Since 



+ X f ■■■x i r ip " w\^] n ^ vv +■■•)■ n 

v=n+l t>k+l 



[df\xrn = FZ([df-»\xr])=FM»df-»~\r 1 +a») 



X- 



= 3»df- p \^ + F x »(a») 

for some element a^ G J2 r < P k -^-i ®i K[ x i]> the equality ( TT7|) is obvious. 
2 and 3. Statements 2 and 3 follow from statement 1. 

4. Statement 4 follows from statement 3. 

5. The RHS of the equality in statement 5 is a subset of the LHS. The opposite inclusion 
follows directly from the following equality: for each natural number j written p-adically 
as 3 — J2o< s <iJsP s w ith ji 7^ and such that I > k (i.e. j > p k ), 

[d®,a?] = d?-rt. (18) 
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In more detail, let a := d^ k =° jsp3 \ b := dP s = kJspS] = FHc) and c := d [ F a = kJspa * ] . Then 



' • l i • l cc 



[QpUf ] = [o&.sf ] = a[F*( C ),F*(^)] = aF*(M) = aF*^^'^- 11 ) 

= acf^ pS - pk] =d?- pk] . 

6. Statement 6 follows from statement 5. 

7. Statement 7 is a particular case of statement 6. 

8. Note that the centralizer C := C(F^(V(P n )),V(P n )) is the centralizer of the set 
that is the image under F^ of the set of canonical generators for T>(P n ). Let C be the sum 
^ a Kd^ in statement 8 (we have to show that C = C). By statements 1 and 5, 



d : = n" =1 ker(a;f ) n n" =1 ker(addf J ) = KF« +1 {P n ) <g> C . 
Now, C := d n n^i n,> fc+ i ker(ad<9f !] ) = C . D 



Lemma 6.2 Let K be a field of characteristic p > 0; k,ki G N 7 and ker(-) := ker^ 
Then 



1. ker^f 1 ) = K[ Xl , . . . ,%, . . . ,x n ] <g> A>f +1 ]. 

g. n« =1 ker(9f 1] ) = K[xf 1+ \ . . .,xt +1 }- 

3. n fe > ker(<9f ] ) = K[xi, . . . , x h . . . , x n ] . 

I n^ 1 n k >okei(df ] )=K. 

Proof. 1. The RHS of the equality in question is a subset of the LHS. The opposite 
inclusion follows the equality 

°¥ ] *< = {^^- 

Note that ( ty =0 iff jk = in the p-adic sum j = YlJsP s - 
2 and 3. Statements 2 and 3 follow from statement 1. 
4. Statement 4 follows from statement 3. □ 
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